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I. INTRODUCTION

With the increasing number of modified general rel-
ativity (GR) theories and new models of gravitational
physics, we search to bridge the theoretical gaps in the
current model of our universe. To fully understand where
and when certain theories hold, we must holistically in-
vestigate the implications of such modifications. Within
the scope of gravitational physics, the e↵ect of non-
GR phenomena have been studied for low and moder-
ate eccentricity binaries, but never robustly for the high-
eccentricity regime. In this study we aim to thoroughly
derive gravitational wave (GW) waveforms in the time
and frequency domain for high-eccentricity binaries with
the goal of evaluating the impact of GR modifications
on these waveforms to better constrain GW parameters
under both GR and non-GR phenomena.

The purpose of studying high-eccentricity binaries is
highlighted in [1] where the comparison of radiated en-
ergy in circular and eccentric binaries is evaluated as
a function of luminosity. Eccentric binaries produce a
greater proportion of their radiated GW power in the
high-luminosity regime as compared to circular binaries.
This is useful because, along with having more GW radia-
tion, certain system parameters scale with the luminosity
of the system. Having larger parameter values allows for
better constraining compared to smaller parameter esti-
mations where both estimates may have the same error
prediction.

One particular area of interest within parameter con-
straints is the assessment of GR and modified GR the-
ories. Under non-GR phenomena, the parameters used
to construct GW waveforms become modified depend-
ing upon which non-GR phenomenon is being injected
into the waveform. By studying eccentric binaries under
both GR and modified GR scenarios, we can recover bet-
ter constraints on varying theorized parameters to test
the validity of di↵erent universal theories by assessing
how well these recovered parameters match known sys-
tem parameters.

The report follows the general format of first provid-
ing a primer on modifications to GR and how to derive

⇤ ava.bailey@duke.edu
† nicholas.loutrel@unimib.it

parameter estimations for various dispersive e↵ects to be
used in dispersive time o↵sets in Sec. II. Then we mod-
ify existing time-domain waveforms to implement dis-
persive e↵ects in high-eccentricity waveforms in Sec. III.
Then we turn to the frequency domain and implement
the e↵ective-fly-by framework to derive dispersive, high-
eccentricity waveforms in Sec. IV. In Sec. V we take these
waveforms and develop a timing model over which the
waveforms evolve for multiple sequential orbits to accu-
rately model the binary inspiral. We go on to discuss
continuations of this investigation in Sec. VI, and we rec-
ommend next steps to thoroughly evaluate our newly de-
rived waveforms and timing model for the sake of validat-
ing and estimating parameters from non-GR phenomena.
Lastly, we present a detailed derivation of the waveforms
from the e↵ective-fly-by framework in Sec. A as used in
Sec. IV.

II. MODIFIED GRAVITATIONAL WAVE

DISPERSION: A PRIMER

Under GR, GWs propagate at the speed of light with
the velocity of the wavefront being constant and inde-
pendent of any influence from the originating system.
In some scenarios in which GR is modified, the speed
of propagation becomes frequency dependent. This fre-
quency dependence is a result of dispersion or dispersive
e↵ects which cause the waveform to oscillate and dis-
perse as waves of di↵erent frequencies travel with di↵er-
ent speeds and arrive at the detector at varying times.
A host of di↵erent non-GR phenomena can modify the

propagation of GWs, but only a subset of these result
in dispersion. Dispersion e↵ects may be captured in the
GWs through the parameterized dispersion relation [2–4]
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where (!, k) are the angular frequency and wave num-
ber of the graviton, and (↵, a) are non-GR parameters
that capture the strength and type of dispersion e↵ect,
respectively. The above parameterized dispersion rela-
tion causes GWs at di↵erent frequencies to propagate at
di↵erent velocities, which can be seen from the group
velocity of the gravitons, specifically
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Due to the modification of the above group velocity,
gravitons emitted at the same instant, but at di↵erent
frequencies, will arrive at a GW detector at di↵erent
times. A thorough calculation of this e↵ect, including
the influence of cosmological redshift, can be found in [4].
For simplicity, we neglect the e↵ect of cosmological back-
grounds, and thus, for two gravitons of frequency (f, f 0)
and emitted at times (te, t0e), the observed times of arrival
are related by

�to = �te +
DL

2�2�a
↵
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�
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f 02�a

◆
, (3)

where DL is the (luminosity) distance to the source,
�to,e = to,e � t

0
o,e, and

�↵ = 2⇡L2
P↵

1/(a�2)
, (4)

which is the “wavelength” associated with ↵.
The parameters (↵, a) map to specific non-GR scenar-

ios. Many of these arise due to the introduction of a
minimal length scale and the breaking of Lorentz invari-
ance, since these concepts are usually connected. A few
examples include:

• Massive gravitons [5–8]: The simplest, and largely
phenomenological, deviation is for gravitons to pos-
sess a mass mg. In this case, the dispersion rela-
tion obtains a momentum/wave number indepen-
dent term. Thus ↵ = m

2
g and a = 0, and hence

�g = 2⇡L2
P /mg is the Compton wavelength of the

graviton.

• Extra dimensions [9]: A postulated dispersion rela-
tion obtained by comparing to a generalized uncer-
tainty principle in a universe with extra dimensions
reveals ↵ = �↵edt/L

4
P and a = 4, where ↵edt is

related to the length scale of the extra dimensions.
This is typically considered to be the Planck length
Lp and ↵edt ⇠ L

2
P , the value of which, in this case,

depends on the number of spacetime dimensions.

• Doubly special relativity [10–12]: A modification
of special relativity through nonlinear modification
of the Lorentz group by introducing an invariant
length/momentum scale, in addition to the invari-
ant speed of light. The length scale is taken to be
the Planck length, and in the limit of the wavelegth
of the wave being much larger than this scale,
↵ = ⌘drst/L

2
P and a = 3, where ⌘drst is commonly

related to the Planck length, i.e. ⌘drst ⇠ LP .

• Hořava-Lifschitz gravity [13–16]: A proposed quan-
tum theory of gravity that introduced a preferred
time foliation, such that Lorentz invariance only
arises at large distances compared to the Planck
length. In this theory, GWs obey a dispersion rela-
tion with ↵ = 

4
hlµ

2
hl/16 and a = 4, where (hl, µhl)

are coupling constants of the theory related to the
bare gravitational constant and balance conditions
of the theory, respectively.

• Multifractional spacetime theory [17–20]: Another
proposed quantum theory of gravity that allows the
e↵ective dimension of spacetime to vary at di↵er-
ent scales by replacing the D-dimensional measure
of the action d

D
x with a Lebesgue-Stieltjes measure

d⇢(x). For this theory, the GW dispersion relation
takes di↵erent forms depending on the preferred
foliation of the spacetime. For timelike factal foli-
ations, ↵ = 2!2�a

? /(3� a), while for spacelike frac-
tal foliations ↵ = �2 ⇥ 31�a/2

!
2�a
? /(3 � a), with

!? a characteristic frequency (energy) scale. For
both scenarios, a need not be an integer values,
but a = 2 � 3 and typically one choses a = 2.5.

• Gravitational standard model extension

(SME) [21]: An e↵ective field theory that
combines the standard model of particle physics
with GR, and includes Lorentz symmetry break-
ing. The exact form of the modified dispersion
relation varies depending on the dimension of the
Lorentz breaking operators introduced into the

action. For even d � 4, ↵ = �2k(d)(I) , while for odd

d � 5, ↵ = ±k
(d)
(V ), and a = d � 2. The constant

coe�cients k
(d)
(I,V ) control the Lorentz violating

operators in the action.

The above list is far from exhaustive, but provides a gen-
eral sense of the physics that the modified dispersion re-
lation in Eq. (1) captures. In the next section, we will
visually show the imprint of a few of these cases on the
propagation of eccentric bursts.

III. ECCENTRIC BINARIES AND

TIME-DOMAIN GRAVITATIONAL WAVES

The first formulation of the GW waveform for eccentric
binaries was derived by Wahlquist [22] and later reformed
with newer notation by Martel and Poisson [23]. We fol-
low Martel and Poisson and define the GW polarizations
as:

h+ = �
m⌘

pDL

nh
2 cos(2� � 2�) +

5

2
e cos(� � 2�)+

1

2
e cos(3� � 2�) + e

2 cos 2�
i
(1 + cos2 ◆)+

[e cos�+ e
2] sin2 ◆

o
,

(5)

and

h⇥ = �
m⌘

pDL
[4 sin(2� � 2�) + 5e sin(� � 2�)+

e sin(3� � 2�) � 2e2 sin 2�] cos ◆,
(6)

where � and ◆ are the angles that define the polarization
axes, ⌘ is the symmetric mass ratio, m is the total mass
of the system, p is the semilatus rectum which is related
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to eccentricity and semi-major axis by p = a(1�e
2), and

DL is the luminosity distance.
The time-domain signal of the waveforms can be de-

composed into harmonics of the mean orbital frequency
which shows the time dependence of the field component
equations [24, 25]:

h+,⇥(t) = �h0

1X

k=1

h
S
(k)
+,⇥ sin(k`) + C

(k)
+,⇥ cos(k`)

i
, (7)

where we introduce the notation used by Moore et al.

[25] such that the coe�cients S
(k)
+,⇥ and C

(k)
+,⇥ are func-

tions of eccentricity and the polarization angles and h0 is
dependent upon the individual masses of the binary con-
stituents, semi-major axis, eccentricity, and luminosity
distance. These coe�cients are explicitly defined as:

S
(k)
+ =

4

e2
[1 + cos2 ◆] sin 2�

p
1 � e2

n
eJk�1(ke)

� [1 + k(1 � e
2)]Jk(ke)

o
, (8)

C
(k)
+ =

2

e2

nh
cos 2�(1 + cos2 ◆)e(1 � e

2)k
�
Jk+1(ke) (9)

� Jk�1(ke)
�i

�

h
cos 2�(1 + cos2 ◆)(e2 � 2)

+ e
2 sin2 ◆

i
Jk(ke)

o
, (10)

S
(k)
⇥ =

8

e2
cos 2� cos ◆

p
1 � e2

n
eJk�1(ke)

� [1 + (1 � e
2)k]Jk(ke)

o
, (11)

C
(k)
⇥ =

4

e2
sin 2� cos ◆

n
2e(1 � e

2)kJk�1(ke)�

2
h
1 + (1 + e

2)k �
e
2

2

i
Jk(ke)

o
, (12)

h0 =
2m1m2

a(1 � e2)

2

DL
. (13)

Eq. (7) is also dependent upon the mean anomaly ` which
is given as ` = 2⇡(t� tp)Forb, with Forb being the orbital
frequency, and tp the time of pericenter passage.

These waveforms describe a continuous radiative sig-
nal that is non-dispersive. Under modifications to GR,
the waveforms become dispersive requiring the study and
consideration of time shifts between the time at which
GWs are emitted and when they are observed. At lead-
ing PN order, quasi-circular binaries only emit GWs at
twice the orbital frequency, which can be seen by taking
the limit e ! 0 of Eqs. (5)-(6). As a result, dispersion
e↵ects modify the the observed frequency evolution of
the binary (see [4] for details). However, comparison to
the eccentric case in Eq. (7) reveals that eccentric bina-
ries emit GWs in many orbital harmonics simultaneously.
Since each harmonic possesses a di↵erent frequency, they
will arrive at the detector at di↵erent times, resulting in
an observed modulation of the waveform. Here, we are
primarily interested in the high eccentricity limit, where
the waveforms resemble discrete bursts instead of contin-
uous waves. While the discussion will primarily focus on

this case, the formalism we develop here is general enough
to apply to low and moderately eccentric systems as well.
In our initial discussion of mean anomaly ` as is in-

cluded in Eq. (7), we highlighted that ` is a function
of time t where, under GR, time is measured absolutely
without distinction between emitted and observed times.
Under dispersion e↵ects and modifications to GR, the
time t which characterizes the mean anomaly maps to
emitted time te, considering this is the absolute time
at which the GW is radiated as measured in respect
to the system and the system’s time of pericenter pas-
sage. This would mean that under dispersion, the mean

anomaly should be expressed as `e = 2⇡Forb(te � t
(e)
p ) =

2⇡Forb�te, where t
(e)
p is the “emitted” time of pericen-

ter passage, and we relabel ` with the ‘e’ subscript to
indicate its dependence on the emitted time. Each har-
monic in Eq. (7) will propagate at a di↵erent velocity,
and will thus be observed at time to. We further de-
fine `o = 2⇡Forb(to � t

(o)
p ) = 2⇡Forb�to, with t

(o)
p the

“observed” time of pericenter passage. For the k-th har-
monic of the waveform, the quantities `o and `e are then
related to each other by Eq. (3) taking f = kForb,

`o = `e +
⇡DL

�
2�a
↵ F

1�a
orb

✓
1

k2�a
�

1

k
2�a
max

◆
, (14)

where we have also chosen f
0 = kmaxForb, with [26]

kmax =
2(1 + e)1.1954

(1 � e2)3/2
, (15)

which corresponds to the harmonic with maximum
power.
We have made two choices to arrive at Eq. (14), namely

that the constant time shifts physically associated with

pericenter passage [t(e)p , t
(o)
p ] are di↵erent for [`e, `o], and

that the reference frequency f
0 is chosen to be fixed at

kmaxForb. Both of these stem from the burst formalism
originally developed for power stacking searches in [1].
There, eccentric bursts were treated as regions of excess
power in a time-frequency spectrogram, each of which
possessing a central coordinate (ti, fi). Since the mod-
elling therein was performed in the context of GR (i.e.
no dispersion), the time centroid is trivially the time of
pericenter passage of the orbit from which the burst orig-
inates, while the frequency centroid is related to the peak
of the waveform power spectrum or amplitude. The for-
mer can be mapped to the pericenter passage time of the
previous orbit by incorporating radiation reaction e↵ects
into a timing model, which we will discuss in more detail
in Sec. V. The latter was first considered by Turner [27],
who showed that the peak of the power spectrum for
nearly parabolic orbits is related to the characteristic
timescale of pericenter passage, although a more thor-
ough computation was carried out in [26], leading to
Eq. (15). Making these choices will allow us to address
how the time-frequency centroid of each burst is modified
due to dispersion e↵ects in Sec. V.
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At this point, we may implement the dispersion e↵ects
into the time-domain waveform. We are able to express
Eq. (7) with an exponential term harmonic coe�cients

dependent upon S
(k)
+,⇥ and C

(k)
+,⇥ through manipulating

Euler’s formula. This gives a new, equivalent expression
for the polarizations,

h+,⇥(te) = �h0

1X

k=1

h
H

(k)
+,⇥e

ik`e +
⇣
H

(k)
+,⇥

⌘†
e
�ik`e

i
, (16)

where H
(k)
+,⇥ = (C(k)

+,⇥ � iS
(k)
+,⇥)/2, and † indicates the

complex conjugate of the specified terms. Now that the
time-dependent term `e has been isolated into an expo-
nential term, we use Eq. (14) to separate the exponential
into a product of two terms one of which depends solely
on `o and another which is time-independent, specifically

e
ik`e = Bk(↵̄)e

ik`o , (17)

where

Bk(↵̄) = exp

(
i

2
↵̄k

a/2

"✓
k

kmax

◆1� a
2

�

✓
k

kmax

◆ a
2�1
#)

,

(18)
with the dimensionless coupling parameter

↵̄ =
2⇡DLk

(a/2)�1
max

�
2�a
↵ F

1�a
orb

. (19)

Thus, the final expression of the dispersion modulated
waveform is

h+,⇥(to) = � h0

1X

k=1

n
H

(k)
+,⇥Bk(↵̄)e

ik`o

+
⇣
H

(k)
+,⇥

⌘†
B

†
k(↵̄)e

�ik`o
o
,

(20)

where recall that `o is related to the time at which the
GWs are observed.

In Fig. 1 we show an illustrative plot of the disper-
sion modulated time-domain waveform plotted against
the GR waveform for three di↵erent GR-modified sce-
narios: massive gravitons, extra dimensions, and doubly
special relativity. We reference Eq. (19) in the plot titles
to give clear values of ↵̄ which correspond to the changing
values of luminosity distance which we set at 10 Mpc, 100
Mpc, and 1000 Mpc for each di↵erent non-GR scenario.
Fig. 1 serves as a useful visualization for the GW burst
distortion in the time domain as a result of dispersion
implementation where the severity and behavior of the
distortion depend upon various parameters that we use
to characterize ↵̄ including �↵ and a which, again, define
the strength and type of dispersion e↵ect respectively.

IV. DISPERSION EFFECTS IN

FREQUENCY-DOMAIN ECCENTRIC BURST

WAVEFORMS

The discussion of the previous section functions for
both illustrative purposes, as well as to devise a gen-

eral formalism of how to adjust for non-GR dispersion
e↵ects in eccentric PN waveforms. However, these are
not the most useful for performing studies of projected
constraints on non-GR e↵ects, and we must move to the
frequency domain to do so. This can be performed nu-
merically, but to limit numerical error in our final results,
we focus on implementing the dispersion e↵ects into ana-
lytic frequency-domain eccentric waveforms. To do this,
we break from the generality of the previous section, and
restrict our attention to GW bursts from highly eccentric
sources, which may be described by the e↵ective fly-by
(EFB) framework [28]. We will use a slightly modified
EFB-F waveform which is derived in Appendix A herein,
which we will refer to as EFB-D waveforms.
The EFB-D waveforms in the absence of dispersion are

obtained by double application of the SPA, first to trans-
form from the time-domain waveform in Eq. (7), and sec-
ond to perform the resummation of the sum over k in the
frequency domain. To implement dispersion e↵ects into
this, we must Fourier transform Eq. (20) which has the
dispersion e↵ect implemented in the time-domain polar-
izations, and determine whether either SPA is corrected
by the introduction of such e↵ects. First, the evolution of
the binary under leading PN order radiation reaction is
given by Eqs. (A1)-(A3) where t is promoted to te, and
subsequently, ` is promoted to `e. One can rigorously
show that these expressions do not change when map-
ping to (to, `o), since @to/@te = 1 from Eq. (3). However,
there is a simpler, and more physical, reason for this,
specifically, Eqs. (A1)-(A3) are related to the generation
of the waves from the binary, and thus, dispersion should
not alter them.
The second application of the SPA, to perform the

resummation over k, can be modified due to Bk(↵̄) in
Eq. (18). If the dispersion e↵ects are large, the phase of
Bk(↵̄) can dominate over the phase  ?(k, f) in Eq. (A7).
However, we are interested in parameterized tests of GR,
for which the region of parameter space of interest is
↵̄ ⌧ 1, since this is relevant dimensionless quantity for
dispersion e↵ects in eccentric binaries. Under this as-
sumption, the dispersion e↵ects should be small, and
thus a slowly varying function compared to the orbital
contribution to the phase from `o. We can then use the
generating function of Bessel functions of the first kind,

e
(z/2)(x�x�1) =

1X

m=�1
x
m
Jm(z) , (21)

to recast the phase modulation of Bk(↵̄) into an ampli-
tude modulation, specifically

Bk(↵̄) =
mmaxX

m=�mmax

✓
k

kmax

◆m(1�a/2)

Jm

⇣
i↵̄k

a/2
⌘
, (22)

where we have introduced mmax to allow for the sum-
mation over m to be truncated at a finite value. The
observed waveform is still given by Eq. (20), but with
Bk(↵̄) now given by Eq. (22).
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FIG. 1. Comparisons of time-domain, normalized plus-polarization waveforms under GR and three di↵erent dispersive cases:

massive gravitons (uppermost panel), extra dimensions (middle panel), and doubly special relativity (bottommost panel). The

dashed, red line represents the GR waveform while the black solid lines show the di↵erent dispersive waveforms for di↵erent

values of ↵̄ which assume di↵erent values as DL — which we set at 10 Mpc, 100 Mpc, and 1000 Mpc — increases as denoted

by the plot titles. The waveforms are computed using the following parameters: e = 0.9, m = 20M�, p = 20m, ⌘ = 0.25

Mathematically, mmax ! 1 in order for Eq. (22) to
be an exact analytical representation of Eq. (18). How-
ever, considering the numerical impossibility of evalu-
ating such a sum over infinite bounds, we must find
adequate limits on the summation to recover an accu-
rate value while also maintaining computational viabil-
ity. From the standpoint of tests of GR, ↵̄ ⌧ 1, and

since Jm(i↵̄ka/2) ⇠ ↵̄
m in this limit, one should choose

mmax = 1 when preforming tests of the null hypothesis.
For more general cases where ↵̄ can take any arbitrary
value, mmax > 1 and must be chosen such that Eq. (22)
is a su�ciently accurate approximation of Eq. (18).

The frequency-domain waveform can now be obtained
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by computing

h̃
(o)
+,⇥(f) =

Z
dtoh+,⇥(to)e

2⇡ifto , (23)

where h+,⇥(to) is given by Eq. (20) with Bk(↵̄) given in
Eq. (22). The time integral over to and resummation over
k can now be computed using the exaxt same methods
as detailed in Appendix A, thus we may write the final
waveform directly,

h̃
(o)
+,⇥(f) = h̃0A+,⇥(f)e

2⇡ift(o)p , (24)

where

h̃0 = �
2⇡

DL

✓
M

n0

◆1/3

, (25)

A+,⇥(f) =

⇢
lim

k!2⇡f/n0

h
⇥(k � 1)H(k)

+,⇥(e0)Bk(↵̄)
i†�

,

(26)

with M = m⌘
3/5 the chirp mass of the binary, n0 =

2⇡Forb the mean frequency at pericenter, e0 the orbital
eccentricity at pericenter, ⇥(x) is the Heaviside step func-

tion, and t
(o)
p is a time o↵set that we will discuss in more

detail in Sec. V.
In Fig. 2 we show normalized plots of the disper-

sion modulate plus polarization for the EFB frequency-
domain waveforms both under GR and for the same three
dispersive cases with the same changing values of DL cor-
responding to di↵ering values of ↵̄ as shown in Fig. 1.
This illustrative plot shows how the burst is distorted by
dispersion e↵ects as the wave propagates and moves away
from its source with increasing luminosity distance. The
modulated waveforms clearly follow the general envelope
of the waveform under GR conditions with the oscillatory
behavior being caused by dispersion e↵ects. Again, the
variance in waveform response to implementation of dis-
persive e↵ects is a reflection of the dispersive parameters
corresponding to type and strength of the given disper-
sion e↵ect.

V. MODIFICATIONS TO TIME OF ARRIVAL

Under the EFB framework, the GW signal is modeled
as one distinct burst over a finite time interval. To cor-
rectly model the full orbital inspiral with multiple GW
bursts, it is necessary to implement a timing model over
which the EFB waveform evolves accounting for changes
in eccentricity, semilatus rectum, and time of the GW
signal arrival. Thus we must redefine the EFB waveform
equation in Eq. (24) to account for such changes [28],
specifically

h̃+,⇥(f ;M, ⌘, pi, ei) = h̃0A+,⇥(f ;M, ⌘, pi, ei)

⇥ e
2⇡ift(o)p,i(M,⌘,pi,ei,t

(o)
p,i�1), (27)

where we have promoted the previously constant time

shift t(o)p to a function of the binary’s parameters. Here,
i denotes the values of eccentricity e, semilatus rectum p,

and time at which the signal is observed t
(o)
p at the end

of the i
th-orbit which are related to the values of these

quantities during the previous i�1 orbit by the following
equations [29–31]:

pi = pi�1

"
1 �

128⇡

5
⌘

✓
m

pi�1

◆5/2✓
1 +

7

8
e
2
i�1

◆#
, (28)

ei = ei�1

"
1 �

608⇡

15
⌘

✓
m

pi�1

◆5/2✓
1 +

121

304
e
2
i�1

◆#
,

(29)

t
(e)
p,i = t

(e)
p,i�1 +

2⇡

m1/2

2

64
pi�1 + ⌘m

⇣
m

pi�1

⌘3/2
A(✏i)

✏i�1 + ⌘

⇣
m

pi�1

⌘5/2
B(✏i)

3

75 ,

(30)

where ✏ ⌘ 1 � e
2. Arredondo and Loutrel [29] propose

the following definitions for the functions A and B,

A(✏i) = a0 + a1✏i , (31)

B(✏i) = b0 + b1✏i + b2✏
2
i . (32)

The a and b coe�cients have been calibrated against nu-
merical evolution of the relative Newtonian order oscu-
lating equations to obtain [29]:

a0 = a0,1 + a0,2

✓
⌘

1/4

◆a0,3 ⇣
p

10m

⌘a0,4

, (33)

a1 = �16.823395797589278 , (34)

b0 = 170⇡/3 = 178.0235837034216 , (35)

b1 = �139.3766232947201 , (36)

b2 = �1.088578314814299 , (37)

where

a0,1 = 14.1774066465967 , (38)

a0,2 = �0.236903393660227 , (39)

a0,3 = 0.962439591179757 , (40)

a0,4 = �2.415912280582671 . (41)

The above timing model given by Eqs. (28)-(41) models
the evolution of the binary under relative Newtonian or-
der radiation reaction (2.5PN quadrupole radiation). We
implement these equations to adjust the time of pericen-
ter tp and its time shift behavior to reflect the changing
values of eccentricity and semilatus rectum due to the
loss of orbital energy and angular momentum from GW
emission.
When considering dispersion e↵ects, the shift in peri-

center passage time in Eq. (30) corresponds to a ob-
server’s clock at the location of the binary and does not
account for any dispersion e↵ects. Thus we define the
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FIG. 2. Comparisons of normalized plus component polarizations in the frequency domain under GR and using the EFB

framework for three di↵erent dispersive cases: massive gravitons (uppermost panel), extra dimensions (middle panel), and

doubly special relativity (bottommost panel). The dashed, red line represents the GR waveform while the black solid lines

show the di↵erent dispersive waveforms for di↵erent values of ↵̄ which assume di↵erent values as DL — which we set at 10

Mpc, 100 Mpc, and 1000 Mpc — increases as denoted by the plot titles. The waveforms are computed using the following

parameters: e = 0.9, m = 20M�, p = 20m, ⌘ = 0.25

time variables as t
(e)
p because this models the time as

an absolute measurement from the moment the burst is
emitted. To introduce dispersion e↵ects and obtain a

timing model for t(o)p , we must again use the time shift in

Eq. (3) to relate t(e)p in Eq. (30) to the observed time t(o)p

in Eq. (27). To do this, we treat the bursts as discrete ob-

jects in time-frequency space with centroids (fmax,i, t
(o)
p,i ).

Thus, for dispersion caused by massive gravitons, the
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shift in the observed pericenter time of the burst is

t
(o)
p,i = t

(o)
p,i�1 +�t

(e)
p +

DL

2�2
g

"
1

33f2
max,i

�
1

f
2
max,i�1

#
,

(42)

where �t
(e)
p = t

(e)
p,i � t

(e)
p,i�1.

We may make a simplification to Eq. (42), specifically
the dispersive term

g =
1

f
2
max,i

�
1

f
2
max,i�1

, (43)

which we have defined as g for simplicity in further refer-
ences. This dispersive term g can be expanded in terms
of kmax in Eq. (15), since fmax = kmaxForb. The kmax

term is a function of ei which is in turn a function of ei�1

through Eq. (29). Likewise, Forb,i is a function of (pi, ei),
which also map to the previous values through the tim-
ing model. It is possible to perform a post-Newtonian
(PN) expansion on the dispersive term by series expand-
ing the pi�1 term in Eq. (29) about (m/pi�1) ⌧ 1. Then,
g becomes a function of ei�1 and pi�1 without ei and
pi dependence. We choose to PN expand the dispersive
term because it simplifies the g term as previously men-
tioned now solely depends on i�1 terms, which will make
waveform parameter estimations simpler and calculations
more e�cient. Performing the PN expansion to the first
order yields the following expression for gPN:

gPN =
4

15

⌘⇡
3
m

2

(1 + ei�1)1+2

r
pi�1

m

⇥
�288

+ 16ei�1

�
19 � 18

�
� 252e2i�1

+ e
3
i�1

�
121 � 252

�⇤
, (44)

where  = 1.1954.
Fig. 3 shows a two-panel plot highlighting the behavior

of gPN in comparison to that of the exact g term for
three di↵erent binary systems. Table I shows the exact
parameters used to compute the values of g and gPN.
We see that for each binary type, the PN expanded term
closely follows the exact dispersive term with the relative
error always staying below 25% and averaging at less than
0.1% for all three binary types. Considering the good
similarity between the exact dispersive term and the PN
expanded term, we proceed using the PN expansion.

System m1[M�] m2[M�] e(0) a(0)

NS-NS 1.4 1.4 0.9 1360

NS-BH 1.4 10 0.9 535

BH-BH 10 10 0.9 368

TABLE I. Initial parameters used to compute g and gPN for

the aforementioned binary systems.
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FIG. 3. Upper panel: Comparison between exact EFB tim-

ing model dispersive term g (solid dashed lines) and the PN

expanded terms gPN (wider, lighter-colored lines) for three

di↵erent binaries; binary neutron star (red), mixed neutron

star/black hole (blue), binary black hole (magenta). The plots

span from the 0
th

orbit with initial conditions in Table I up to

the last stable orbit such that pi � 2m(3 + ei). Lower panel:

Plot of the relative error in the PN expanded term.

VI. NEXT STEPS

As we continue to study the utility of these newly de-
rived waveforms for dispersive, highly eccentric binary
systems, we must also consider how they aid in constrain-
ing theories of GR and evaluating the validity of both GR
and specific modifications to GR. The next steps in pur-
suing this understanding would be to perform parameter
estimations for di↵erent dispersion types and utilizing
Fisher analysis to constrain these parameters.
It would also be useful to revisit the discussion of the

timing model in Sec. V to generalize the formalism to the
broader spectrum of dispersion e↵ects and not just limit
our discussion to the massive gravitons case.
We also hope to evaluate data expectations from these

waveforms including studying signal-to-noise ratios for
di↵erent dispersion cases under varying parameters.
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Appendix A: Revisiting Frequency-Domain E↵ective

Fly-By Waveforms

The e↵ective fly-by (EFB) approach seeks to accu-
rately model the GW burst emission from highly ec-
centric binaries. While a time-domain approach showed
strong agreement with numerical leading PN order wave-
forms [30], frequency-domain waveforms have stumbled
on numerical computation issues [30], complicated ana-
lytical computations [32], and limitations of suitable ap-
proximations [33]. We here revisit the original, leading
PN order, frequency-domain EFB waveform from [30],
and provide a significant simplification for the construc-
tion of current and future EFB waveform templates.

At leading PN order, the two-body dynamics reduce
to Keplerian orbits perturbed by 2.5PN order radiation
reaction, which constitues the quadrupole approximation
of Peters & Mathews [34, 35]. Under the assumption of
adiabatic evolution of the orbital elements, the eccen-
tricity e, semilatus rectum p, and mean anomaly ` evolve
according to [30]:

e(t) = e0 �
304

15
⌘e0

✓
m

p0

◆5/2✓
1 +

121

304
e
2
0

◆
`(t) , (A1)

p(t) = p0

"
1 �

64

5
⌘

✓
m

p0

◆5/2✓
1 +

7

8
e
2
0

◆
`(t)

#
, (A2)

`(t) =
n0

2⇡Frr
{exp [2⇡Frr (t � tp)] � 1} , (A3)

where [e0, p0] are the values at pericenter, and

n0 =
1

m1/2

✓
1 � e

2
0

p0

◆3/2

, (A4)

Frr =
96

10⇡

⌘

m

✓
m

p0

◆4✓
1 +

73

24
e
2
0 +

37

96
e
4
0

◆
. (A5)

The quadrupole order waveform polarizations are then
given by Eqs. (7), and, when combined with Eqs. (A1)-
(A3), are valid for ` 2 [�⇡,⇡]. To obtain the time-
domain EFB-T waveforms, one applies a resummation
procedure originally developed in [36, 37] directly to these
waveform polarizations.

However, [30] showed that the Fourier transform of the
time-domain waveforms can be obtained analytically by
application of the stationary phase approximation (SPA),
before performing the resummation procedure. After
transforming the waveforms into the form of Eq. (24)
and defining ✏ = 1�e

2, application of the SPA gives [30]:

h̃+,⇥(f) = �
m

2
⌘

DLFrr

1X

k=1

 
✏
?
k,�
p
?
k,�

! h
H

(k)
+,⇥(e

?
k,�)

i†

p
2⇡�

e
i ?(k,f),

(A6)

where � = f/Frr, �orb = n0/2⇡Frr,  ? is the waveform’s
stationary phase

 ?(k, f) = k�orb � �


1 + ln

✓
k�orb

�

◆�
�

⇡

4
+ 2⇡ftp ,

(A7)
and [e?k,�, p

?
k,�, ✏

?
k,�] correspond to the time evolving or-

bital elements evaluated at the stationary point

t
?
k,� = tp +

1

2⇡Frr
ln

✓
2⇡f

kn0

◆
. (A8)

With application of the resummation procedure from [36,
37], the above waveform can be resummed to obtain the
EFB-F waveform which has known complications when
one attempts to numerically evaluate the model [30], and
analytic simplifications to speed up the waveform evalu-
ation are complicated [32].
Instead, we apply a slightly di↵erent resummation pro-

cedure here. After converting the sum in Eq. (A6) to an
integral over k, the integral takes the standard form of a
generalized Fourier integral and we apply the SPA again
to the stationary phase  ?(k, f). The new stationary
point is given by k? = �/�orb = 2⇡f/n0, and the EFB
waveform reduces to

h̃+,⇥(f) = �
2⇡

DL

✓
M

5

n0

◆1/3

H+,⇥(f ; e0)e
2⇡iftp , (A9)

where M = m⌘
3/5 is the chirp mass, and the Fourier

amplitude is given by

H+,⇥(f ; e0) = lim
k!2⇡f/n0

h
⇥(k � 1)H(k)

+,⇥(e
?
k,�)

i†
,

(A10)

with ⇥(x) the Heaviside step function, which accounts
for the fact that the original sum over k begins at k = 1.
It is worth noting that, after both applications of the
SPA (first over time, then over k for resummation),

lim
k!2⇡f/n0

[e?k,�, p
?
k,�, ✏

?
k,�] = [e0, p0, ✏0], (A11)

and thus,

H+,⇥(f ; e0) = lim
k!2⇡f/n0

h
⇥(k � 1)H(k)

+,⇥(e0)
i†

, (A12)

which is simply the time-domain harmonic coe�cient
evaluated at continuous frequency f instead of the dis-
crete harmonic index k. This should not be surprising
since adiabatic radiation reaction, by it’s nature, should
have little e↵ect on the dynamics of the binary over a
single orbit.
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