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Higher order modes are the post-quadrupolar terms of the gravitational radiation multipole ex-
pansion, and can have a noticeable effect on waveforms for asymmetric compact binary systems. For
a simulated population of 200,000 black hole binary systems, we calculate the signal-to-noise ratios
of all modes, (2,]2]) modes, and four selected higher order modes. We perform this calculation for
five detector networks, ranging from the fifth observing run (O5) to third-generation detector net-
works, in order to see how large an impact higher order modes will have in our future gravitational
wave observations and how important they are to include in our waveform models. We then consider
a selected neutron star-black hole mock signal and perform full Bayesian parameter estimation with
varying mode content. Through comparing the source localization of the parameter estimation that
included all modes and those that only included one or two modes, we can see how much including
higher order modes in parameter estimation improves LIGO skymaps we provide to observational
astronomers for electromagnetic follow-ups. We also determine how well including higher order
modes in the recovery breaks the degeneracy between the luminosity distance and inclination angle.

I. INTRODUCTION

Gravitational waves (GWs) are perturbations in the
fabric of space time. Gravitational radiation is often ap-
proximated by the quadrupole formula, but the radiation
field can be expanded into a multipole expansion similar
to the electromagnetic field. For an in-depth explana-
tion see for example these textbooks [1, 2]. Depending
on the parameters of the GW-emitting source, its orien-
tation, and the GW detector sensitivity, it can be cru-
cial to account for higher order terms of this expansion,
or higher-order modes, in the waveform templates [3-5].
This is because in order to detect GW signals from com-
pact binaries, matched filtering is used to pick out a sig-
nal from the detector noise [6]. Higher order modes are
also known as higher spherical harmonics [7] and non-
quadrupolar modes. Although the higher order modes
are only currently observable in a few percent of binary
systems [7], upgraded and next-generation GW detectors
will have a much higher rate of detections, and improved
sensitivities. As a result, higher order modes will be ob-
servable in many more systems. Higher order modes can
be used to test general relativity, to break degeneracies
such as the inclination of the orbit and the distance to the
source [8-10], and to better measure masses and spins.

Taking into account higher order modes is particularly
important for asymmetric binary systems, i.e. binaries
with very unequal masses and/or unequal spins, and sys-
tems with a non-zero inclination of the orbital plane with
respect to the observer. This is because higher order
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modes have a considerable contribution to the observed
waveform near the merger for these types of systems.
Higher order modes will have their largest contribution
for systems with a very large mass ratio, very unequal
spins, and those oriented closer to edge-on relative to the
GW detectors. An example of this can be seen in Figure
1. Figure 2 then shows a representation of the strains, or
signals, of the dominant (quadrupolar) mode, the (2, |1|)
higher order mode, and all modes together in relation to
the amplitude spectral densities (ASDs) for two selected
detectors. In the figure, the signal for all modes and the
(2,]1]) mode lie above the ASD curves for the two de-
tector sensitivities in a certain frequency range, meaning
those signals should be visible above the detector noise
within that frequency range. The signal will look dif-
ferent depending on the parameters of the GW-emitting
source. There are the intrinsic parameters, which come
from the compact binary system itself, and the extrinsic
parameters, which come from the location of the binary
system and time of the merger. The primary and sec-
ondary masses, spins, and the mass ratio are the intrinsic
parameters, and the luminosity distance, right ascension
(RA), declination (DEC), inclination angle, polarization
angle, and the time of coalescence are the extrinsic pa-
rameters.

Physically, higher order modes are small perturbations
in the gravitational radiation field. They can be de-
scribed by the integers (¢,m), which are analogous to
the quantum numbers (¢,m) that can be found in quan-
tum mechanics. The m-modes are split into odd and
even. Although both odd and even m modes are excited
by asymmetries in the system, asymmetries contribute
especially to odd modes.

We will look at the higher order modes in a simulated
population of binary black hole systems, which are a type
of compact binary coalescences (CBCs). We will then


mailto:zar24@scarletmail.rutgers.edu
mailto:p.schmidt@bham.ac.uk
mailto:g.pratten@bham.ac.uk

le-19
10 4 all modes
mode (2,]2]) A
— mode {2,]1]) N f\ |
05 1 mode (312} A\ i ’
mode 33 [\ [\ [\ A
mode (4,4} / {200 AR A A
E 00 P /v\‘_ﬁ,@/w‘,/\\/[dw
/ \ "’ \‘ “’ “ / | | |
. \ / \‘ | “ [ \ |
B VARRIIL'
|
-1.0 1
-0.05 -0.04 -0.03 -0.02 -0.01 0.00 0.01

Time (s)

FIG. 1. The time-domain strain h(t) = h4 (t) - Fy +hx (t) - Fx
of a simulated black hole binary system over time. h4 and
hx are the plus and cross polarizations of the strain, mul-
tiplied with their corresponding antenna response functions.
The merger itself occurs where time is equal to zero. The
waveform with all modes is plotted, which is what would ac-
tually be observed, along with individual modes to show their
contribution to the signal near the merger. Since the domi-
nant mode is the (2,|2|) mode, the “all modes” case and (2,|2])
case usually line up very close to (or overlapping with) one
another. However, for systems in which higher order modes
are prominent, the modes higher than the (2,|2]) mode have a
noticeable impact on the total strain. In this extreme case, we
have a mass ratio of about 1:7 and an inclination of 7/4. For
a system this asymmetric, the “all mode” case varies greatly
from the (2,|2|) case, and using the quadrupole approximation
on the system would not yield anything close to the correct
waveform.

compute the signal-to-noise ratios (SNRs) of the signals
from all modes along with the individual modes of these
systems to assess how observable higher-order modes are
for different networks of detectors. We will observe which
higher order modes have large contributions to the SNRs,
which will tell us how important it will be to take higher-
order modes into consideration when creating waveform
models to be used for future detector networks.

Additionally, we will be conducting parameter estima-
tion for a single neutron star-black hole (NSBH) mock
signal (injection). We will complete three different ver-
sions of the parameter estimation, in which all of the
modes are present in the injection but varying the mode
content in the recovery. This is in order to assess how
much including higher order modes will improve the
source localization, by seeing how well right ascension
(RA) and declination (DEC) are constrained in the differ-
ent cases. It will also show us how well including higher
order modes breaks the degeneracy between luminosity
distance and inclination angle.
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FIG. 2. Amplitude spectral densities (ASDs), which are the
square roots of the corresponding power spectral densities
(PSDs) for A+ and Advanced Virgo design sensitivities taken
from https://dcc.ligo.org/LIG0-T1500293/public. Plot-
ted on the same axes is the characteristic strain of a simu-
lated, in which the absolute value of the frequency-domain
strain is multiplied by the square root of the frequency. This
multiplication must occur to represent the strain (referred to
as the characteristic strain after the multiplication) meaning-
fully on the same plot. The SNR can be thought of as the area
between the characteristic strain and the ASD curve. The in-
dividual modes have very smooth characteristic strains, but
when higher order modes are accounted for, the strain is very
oscillatory and can either increase or reduce the SNR slightly
compared to the (2,|2|) mode’s characteristic strain.

II. RESEARCH METHODS

We make use of the PyCBC [11], LALSuite [12], and
parallel bilby [13] Python packages for this research, in
addition to numpy [14], scipy [15], and pandas [16, 17].

A. Input parameters

We generated a black hole binary population of
200,000 unique systems. This population draws from
our knowledge of binary black hole (BBH) distributions
after the third observing run (O3) for the primary and
secondary black hole masses, the mass ratio, the spin
magnitudes [18] as shown in Figure 3. The luminosity
distances from Earth are determined by distributing the
black holes according to the measured merger rate follow-
ing a power law with power law index of 2.9. The spin
tilt angles, which are the angles between the orbital an-
gular momentum of the system and the individual spins
are given in spherical coordinates, which we convert into
Cartesian coordinates, so that their values are compatible
with the lalsimulation waveform generator [12], and
are drawn from isotropic distributions. The masses are
initially drawn from a distribution (Figure 3) that is not
redshifted, i.e. in the source-frame. Since gravitational
waves travel at the speed of light, they experience redshift



just like electromagnetic waves. Due to this redshift, the
masses we observe in GW detectors are different to the
actual physical masses [8—10]. Using the luminosity dis-
tances converted to redshifts, we converted the physical
masses to redshifted or detector-frame masses to use in
the waveform generator. In order to convert from the lu-
minosity distance to the redshift, we assume cosmological
parameters from Planck15 [19].

The the cosine of the inclination angle and the po-
larization, right ascension, and declination angles for the
population are all drawn from uniform distributions. The
inclination angle is defined as the angle between the or-
bital angular momentum of the system and the light-of-
sight at the reference frequency. The polarization angle
is the angle which measures how much of the signal is
in the plus polarization and how much is in the cross
polarization, and right ascension and declination define
where the system is in the night sky. Inclination angles,
polarization angles, and declination angles are between
zero and m, and right ascensions are between zero and
27. The time of coalescence t., or GPS time, was cho-
sen to be some arbitrary value, as it does not change the
output of the code.

B. Population signal-to-noise ratios

In order to compute the SNRs p, we generated the
strain for each binary in our population, where the
frequency-domain strain h5(f) in a detector D is:

Bg(f):i“r(f)FJr‘i‘Bx(f)Fx (1)

using lalsimulation [12] and the waveform model
IMRPhenomXPHM [20-22]. The plus and cross polariza-
tions are h4(f) and hx(f), respectively. The functions
F, and Fy are antenna response functions, which take
into account that gravitational wave detectors are not
equally sensitive to gravitational waves from every direc-
tion. The waveform model IMRPhenomXPHM [20-22] ac-
counts for both higher-order modes and precession. Pre-
cession occurs when the individual black holes spins are
misaligned with the orbital angular momentum of the
system. We then calculate SNRs using PyCBC [l1] for
several different modes for all of the binary systems. For
each system, SNRs for all modes together, and the (2,]2|),
(3,13]), (4,4]), (2,]1]), and (3,]2|) modes are individually
generated. We compute the optimal SNR, in which for
data d with noise n and signal s, assumes that there is
no noise and the signal is known (and is equal to the
injected one). In equation form, d =n+s =0+ h so

P = 4Re/ —= =2 2
P min S]?/(f)

Although we know the signal exactly and it matches
the strain, the gravitational wave detectors are not

equally sensitive at all frequencies, which can be seen
from the power spectral density (PSD) as shown in Fig-
ure 4. In Equation (2), the PSD is denoted by S2(f)
and is the denominator inside the integral, acting as a
normalization factor. The PSD curve is also sometimes
called a “noise” curve, and the GW signal can only be de-
tected by the detector when it falls above said curve (as
in Figure 2). As can be seen, GW detectors are only able
to detect signals that span a certain frequency range. For
the current generation, this range is from around 20 Hz
to about 2 kHz, or from around 1M to a few hundred
solar masses. The PSDs for all detectors that we used
can be seen in Figure 4.

We calculate the SNR using PyCBC [11], which imple-
ments (2) and takes care of any relevant data condition-
ing. We then calculate the network SNR, which is the
quadrature sum of each individual detector SNR. This is
a helpful quantity to know because it is the maximum
SNR observable by the detector network when using the
optimal SNR. As the current threshold for GW SNRs in
a single detector is around 4-6, we look into systems for
which the network SNR is greater than a threshold of 8.

We used five different detector networks to calculate
the network SNR. According to their sensitivity (from
lowest to highest): The first network is composed of
A+ LIGO Hanford and Livingston, and Advanced Virgo.
The second is then A+ LIGO Hanford, Voyager LIGO
Livingston, and Advanced Virgo. The third is composed
of Voyager LIGO Hanford and Livingston and Advanced
Virgo. The fourth is Voyager LIGO Hanford, Cosmic
Explorer (CE) LIGO Livingston, and Einstein Telescope
(ET) Virgo. Finally, the most sensitive network uses CE
for LIGO Hanford and Livingston and ET for Virgo. Our
networks are summarized in Table I.

TABLE I. Detector Networks

H L \%
1 A+ A+ adV
2 A+ Voy adV
3 Voy Voy adV
4 Voy CE ET
5 CE CE ET

C. Parameter estimation

Much of GW astrophysics relies on Bayesian statistics,
as it is a powerful tool in parameter estimation. Bayes’
theorem states

L(d|0)n(6)

p(eld) = A0 3
where p(6|d) is the posterior distribution, 6 is the set
of parameters we are trying to estimate, £(d|f) is the
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FIG. 3. Source-frame component mass (left), mass ratio (center), and spin magnitude (right) distributions from the generated
population of 200,000. Based off knowledge of the distributions for BBH population intrinsic parameters after O3 [18].
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FIG. 4. The different power spectral densities (PSDs) which
we use the for different detector networks considered in this
project. Aplus and Advanced Virgo will be in operation by
05, Cosmic Explorer and the Einstein Telescope are third-
generation detectors, and Voyager falls in-between.

likelihood function, m(#) is the prior distribution, and Z
is the normalization factor [23]. The normalization factor
is called the evidence, which written mathematically is

z= / d0L(d|0)(0) )

and is formally a likelihood function [23]. For this work, 0

—

(or in this case, 0) consists of all the intrinsic and extrin-
sic parameters of the NSBH system. We are especially
interested in the parameters RA and DEC, which will
tell us how well the source is localized, and luminosity
distance d, and inclination angle 6;,, which will show
us how well the degeneracy between the two is broken,
depending on which higher modes were present in the
waveform model used for the recovery.

We use two parallel jobs with parallel bilby [13] and
the dynesty sampler [24] in order to sample the posterior
distributions. dynesty uses a type of Nested Sampling,
which estimates Z, or the evidence, for a particular g.
As the code runs, there are virtual “particles” known as
walkers that move in a random walk through the parame-

ter space to higher and higher likelihoods. The code runs
until a certain convergence criteria is met, and the vari-
ables in 6 are well-constrained. In this case the conver-
gence criteria is dlog Z = 0.1, so when the change in the
log of the evidence is less than 0.1, the job will complete
and merge the two parallel pieces. The dynesty sam-
pler specifically uses Dynamic Nested Sampling, which is
described in detail in [24].

We use Gaussian noise and chose an arbitrary GPS
time with a sampling frequency of 4096 Hz and a mini-
mum frequency of 20 Hz. The injection is composed of a
non-spinning neutron star and a black hole with a spin
that is anti-aligned with the orbital angular momentum.
The injection also has a mass ratio of about 1:3, which is
consistent with NSBHs we have observed to date [25]. All
of the parameters for the injection were chosen so that if
the signal were real, it would likely produce an electro-
magnetic counterpart (depening on the nuclear equation
of state of the neutron star, which we neglect here). The
luminosity distance was chosen to be 250 Mpc in order to
be in range of ground-based optical telescopes such as the
Rubin Observatory [26], and the distance was marginal-
ized to help with computational speed. The inclination
angle was set to about 30 degrees so that if the system
were to disrupt and create a short gamma-ray burst, it
would be within the detectable range in inclination an-
gles. Table II lists all of the chosen parameter values and
the optimal network SNR for the injection (using the
LIGO Hanford, LIGO Livingston, and Virgo network).

We inject the same parameters and waveform model
(IMRPhenomXPHM [20-22]) for three different parameter
estimations with changes to the mode content used in the
recovery for each. One is set to recover the signal using
all modes, one only for the (2,|2]) modes, and one for
both the (2,|2]) and the (2,]1]) modes. For the recovery
using (2,]2|) modes only, we used the waveform model
IMRPhenomXP [20, 21], and for the other two runms, we
used the model IMRPhenomXPHM [20-22].



TABLE II. Injection Parameter Values

Parameter Value Units
mi 5.8 [M@]
ma 1.35 [Mo]
dr, 250 [Mpc]
Ojn 0.417 [rad]

P 1.17 [rad]
phase 5.8 [rad]
RA 3.3 [rad]
DEC 0.5 [rad]
al 0.7
az 0.0
b12 1.21 [rad]
Din 2.02 [rad]
SNR 45.62

III. RESULTS

A. Population signal-to-noise ratios

For the least sensitive network (see Table I), 28,785
samples out of the 200,000 sample size had a network
signal-to-noise (SNR) ratio greater than 8. For our most
sensitive network, 197,794 samples out of 200,000 had
SNRs > 8. Since the number of signals that make the
SNR cutoff increases so drastically over the improving
detector networks, we expect the number of systems
with observable contributions from higher order modes
to drastically increase as well.

In Figure 5, we represent these SNRs using the in-
verse cumulative distribution function (CDF). All modes,
only the (2,|2|) modes, and individual higher order modes
are each plotted on separate graphs. Each graph starts
off the same, as 100 percent of the BBH systems have
an SNR>0. However, when increasing the SNR, we ob-
serve differences between the graphs. The (2,|2|) mode
graph looks almost identical to the graph for all modes,
which is to be expected since it is the dominant mode.
The even m modes, or specifically the (3,/2]) and (4,|4])
modes, also have a similar shape to the graph for all
modes. The odd m modes, or specifically the (2,]1]) and
(3,|3]) modes, tend to have a flatter slope for their 1-
CDF curves. This shows that as the SNRs of each of
those modes increases, the percentage of BBH systems
that have SNRs greater than that value decreases more
slowly than in the other cases. In other words, a higher
percentage of BBH systems will have larger SNRs for the
(2,|]1]) and (3,]3]) modes, especially as network sensitiv-
ity increases. Since the odd m modes are affected more
strongly by asymmetries than even m modes, this result
makes physical sense.

B. Parameter estimation

We found that for the parameter estimation which re-
covers all modes, the source was extremely well-localized.
This can be seen in Figure 6 in how the 50 percent confi-
dence region spans only two square degrees, and how the
90 percent confidence region spans only 6 square degrees.
We recover the inclination angle and luminosity distance
with good accuracy, with values of 6;, = 0.4575-09 and
dr, = 243.0978-37 The true values of the luminosity dis-
tance and the inclination angle both fall within their re-
spective ranges of uncertainty.

For the parameter estimation which recovers the (2,]2])
and the (2,]1]) modes, we observe almost the exact same
skymap as the case which recovers all modes (seen in
the middle left-hand plot of Figure 6. As this case ex-
cludes every other higher order mode in the recovery,
the source is surprisingly well-localized for such a sim-
plification. The inclination angle and luminosity dis-
tance are recovered less accurately than the case with
all modes in the recovery, but still do a decent job of
estimating their values. The inclination angle is recov-
ered to be 0, = 0.2415-12 and the luminosity distance is
dr, = 235.8375:31. Although both of the true values fall
outside their respective ranges of uncertainty, neither of
them fall very far outside.

For the case which recovers only the (2,|2]) mode, we
also see the same sky localization as our other cases.
This may be a result of the specific injection we chose for
this work. The inclination angle and luminosity distance
are 0, = 0.317008 and d;, = 238.49 3%, respectively.
They are recovered to be closer to their actual injected
values than the case that also includes the (2,|1|) mode,
but the ranges of uncertainty for both parameters are
slightly larger (see Figure 6). We would expect the in-
clination angle and luminosity distance values to be fur-
ther from their actual values in this case than in the case
which also includes the (2,|1|) modes, but as expected,
the degeneracy in this case is more obvious than in the
case that also includes the (2,/1]) modes (as seen in Fig-
ure 6).

IV. DISCUSSION

Looking at Figure 5 we can see that with more sensitive
detector networks, the percentage of BBH systems with
higher SNRs increases. With SNRs in past and current
observing runs tending to be mostly around 8 and reach-
ing a maximum around 30, we can see that there will
be a drastic upwards shift in the SNRs we will be able
to observe. Therefore, for the BBH signals with higher
SNRs, the part of the SNR that comes from higher or-
der modes will go from being a small percent of a small
value to a small percent of a large value. Since detection
rates will also be much higher for future detectors, we
will observe signals with noticeable higher order mode



contributions to the SNR more frequently (especially for
odd m modes).

In our differing parameter estimation runs, we saw that
the source localization was seemingly unaffected by the
inclusion of higher-order modes. This is an unexpected
result, because we predicted the sky localization would
improve with the inclusion of more higher-order modes
for an injection with such asymmetric masses and a non-
zero inclination angle. However, this is only using one
injection, and is by no means an in-depth investigation
into source localization with higher-order modes. We still
expect the inclusion of higher-order modes in the recovery
of parameter estimation to improve the skymaps of other
injections which have sizable strain contributions from
higher-order modes, and the area needs further investi-
gation. Performing a similar parameter estimation study
for a larger number of systems that would have poten-
tial observable electromagnetic counterparts would give
us a much better idea of how much including higher-order
modes may improve source localization. The degeneracy
between the luminosity distance and the inclination angle
was broken by including all modes in the recovery, and
wasn’t too large of a problem when just accounting for
the (2, |2]) and (2, |1|) modes in the recovery. When only
the (2, |2|) mode was accounted for in the recovery, the
degeneracy was much more visible in the corner plot (see
Figure 6). However, using this injection, the inclination
angle and distance were actually recovered better using
only the (2, |2|) mode in the recovery than both the (2,
|2]) and (2, |1]) modes. This is also something that could
be expanded upon in future work, by studying the result
of parameter estimations for more injections.

Taking higher order modes into account is going to con-
tinue increasing in importance as we increase our global
network sensitivity for detecting gravitational waves. We
conclude that higher order modes, especially the (2,]1])
and (3,]3]) modes, will have a sizable contribution to the
SNRs of our future GW observations. Accounting for
higher order modes in parameter estimation could po-
tentially improve the source localization of future events,
but this needs further investigation. If further studies
show that higher-order modes can greatly improve source
localization, it may be worth considering implementing
higher-order modes into low-latency parameter estima-
tion runs. Considering higher order modes also has the
capability of breaking the luminosity distance-inclination
angle degeneracy, allowing us to constrain both values ac-
curately and therefore learn a lot more about the system.
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larger SNRs, and having higher percentages of BBH signals with higher SNRs).
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FIG. 6. The left-hand plots show the source localization of the signal on a projection of the sky, and the right-hand plots show
the distance-inclination degeneracy for the three cases: all modes (top), (2, |2|) and (2, |1]) modes (middle), and (2, |2|) modes
only (bottom). The degeneracy between inclination angle and luminosity distance, which can be seen by the blue region in the
corner plot appearing more banana- or boomerang-shaped, is gradually improved with the inclusion of the (2, |1|) mode, and
then all modes, in the recovery of the parameter estimation.
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